A review of two-dimensional (2D) analytical models of skin and proximity effects in large industrial furnaces with three electrodes arranged in an equilateral triangle is given. The models cover three different cases: one electrode only, three electrodes where two are approximated by line currents, and induced shell currents where all electrodes are approximated by line currents. The first two models show how the skin and proximity effects depend on electrode material properties and size, and the distance between the electrodes. The third model shows how the strength of the induced shell currents will depend on electrode position and furnace size. These models are compared to numerical studies including distributed electrodes and shell currents. The analytical models are accurate when induced shell currents can be disregarded. However, strong shell currents may have a significant impact on the current distribution within the electrodes. This electrode-shell proximity effect competes with the electrode-electrode proximity effect. Finally, the 2D models have been compared with three-dimensional (3D) case studies of large industrial furnaces. In 3D, the shell currents are significantly smaller than what are predicted by the 2D models, but they are sufficiently strong to cause a significant correction of the electrode current density.
I. INTRODUCTION
IN many metal-producing units, the energy needed for the primary reactions are delivered by electric currents through large electrodes. Examples of such units are slag resistance furnaces and electric arc furnaces, used in the production of steel, ferroalloys, calcium carbide and silicon. [1, 2] Typically, three-phase alternating current (AC) circuits using three or more electrodes are used, operating at the grid frequency of 50 or 60 Hz. Correct and stable operation of the electrodes is of crucial importance for successful and cost-effective operation of the furnace. [3, 4] Detailed understanding of current densities, thermal conditions and mechanical stresses is needed to address electrode problems such as electrode breakages and electrode consumption. [5] [6] [7] Also, for designing the furnace and for understanding its process, the current-carrying capabilities and sizing of the electrode play an important role. [8] [9] [10] The electrodes are made of electrically conductive graphite or baked carbon material, and their main function is to carry the electric currents needed for powering the chemical reactions of the process. Although direct current (DC) furnaces can be found in the industry, most units use AC current, and in AC electrodes, there is considerable concentration of currents close to the surface; the well-known skin effect. [2] The skin effect is caused by eddy currents that are induced by the changing magnetic field produced by the current. The current density distribution in an electrode with skin effect is found by solving Maxwell's equations, and for the typical case with vertical currents and cylinder geometry, the current density is axisymmetric and given in terms of Bessel functions. [11, 12] In addition to the skin effect, there are also considerable proximity effects caused by eddy currents opposing the magnetic field produced by the currents in the neighboring electrodes. The proximity effects typically yield an asymmetric current density in the electrodes. [13] [14] [15] [16] [17] [18] Although these effects are significant and wellknown, [19] [20] [21] [22] [23] they are often neglected in electrode models which typically concentrate on a single electrode. [7, [24] [25] [26] Most industrial furnaces have a furnace shell. Its function is to carry the weight of the reactants, products and lining materials in the furnace, and it is typically made of structural steel. However, such materials are both highly conductive and ferromagnetic, and strong eddy currents are induced in the furnace shell. A theoretical and experimental study of this phenomenon, can be found in Reference 27. When present, these shell currents may also modify the currents of the electrode, effectively creating electrode-shell proximity effects.
In this work, mathematical models of skin and proximity effects in three-phase AC furnaces with the typical triangular electrode arrangement are studied. Analytical models of skin and proximity effects found in the literature are reviewed and supplemented with numerical simulations of more representative 2D geometries. In particular, the electrode-shell proximity effects are included in this study. The strength of the skin and proximity effects mainly depend upon electrical material properties and important geometrical sizes such as the furnace diameter, electrode diameter and electrode-electrode distance. The main goal is to study how these electromagnetic effects depend on the geometrical sizes. Also, both the analytical models and the 2D numerical models are compared with numerical simulations of industrial furnaces in 3D.
In Section II, the basics of the models are reviewed. The numerical models are described in Section III. Section IV presents the numerical results including discussions and comparisons with the models of Section II. The conclusions are given in Section V.
II. REVIEW OF MATHEMATICAL MODELS
In this section, three analytical models are reviewed. The first model describes the skin effect in a single electrode. The second model describes both skin and proximity effects in electrodes assuming the typical triangular electrode configuration used in three-phase AC furnaces. The third model describes the induced currents in the furnace steel shell.
A. Skin Effect
A model that describes the skin effect in an electrode can be found by solving Maxwell's equations for the geometry shown in Figure 1 . That is, the electrode is assumed to be cylinder-shaped with radius R, and the AC current density J is assumed to be vertical, J ¼ J zẑ ; with total current amplitude I. In the derivation, it is assumed that the furnace operates at low AC frequency f and that the electric field E and the magnetic field B are time-harmonic. Importantly, it is also assumed that the electric current density obeys Ohm's law,
where r is the electrical conductivity. More details on the low-frequency Maxwell's equations can be found in Appendix A.1. The solution of these equations in a conductive domain exhibits the skin effect. The current will then flow close to the surface of the conductor. The skin effect is quantified by the skin depth d; given by
where l is the magnetic permeability. The skin depth is the penetration depth where the current density is reduced by the factor 1/e from the surface. The resulting expressions for the geometry of Figure 1 are quoted in Appendix A.2. Most importantly, the expression for the AC resistance factor R AC =R DC is given in Eq. [A7], and the expression for the root-meansquared current density J z;rms is given in Eq.
[A12]. Note that the current density expression is axisymmetric, i.e., the only spatial dependence is with the radial coordinate r. Also note that when J z;rms is normalized by the DC current density J z;DC ¼ I rms =ðpR 2 Þ; it only depends on two nondimensional numbers, namely the nondimensional radius r/R and the ratio R=d; which can be thought of as inverse nondimensional skin depth. In other words, the shape of the current density depends only on R=d: The strength of the skin effect is controlled by R=d: When R=d ( 1; the skin effect is negligible, and the current density is uniform. When R=d $ 1; the current starts to accumulate near the surface of the electrode, and when R=d ) 1; the current flows only within the skin of the electrode. The importance of R=d is also seen when studying the resistance of the electrode (see Eq.
[A7]). The AC resistance factor R AC =R DC ; which quantifies the increased resistance associated with skin effect in AC electrodes, depends only on R=d:
B. Electrode-Electrode Proximity Effect
Analytical expressions for the skin and proximity effects in the electrodes of the three-phase AC furnaces with the typical triangular electrode configuration are available in the literature. [20, 21] The system under consideration is sketched in Figure 2 . In the furnace, the electrodes are oriented in the vertical direction, so Figure 2 can be regarded as the horizontal cross section of the 3D electrode configuration. Three electrodes with the same radius R are placed in the corners of an equilateral triangle, and the center-center distance between the electrodes is d. From the perspective of electrode 1, we define an azimuthal angle h oriented such that the leading electrode (2) is found at h ¼ 0; and the trailing electrode (3) at h ¼ p=3: Note that in the derivation of Reference 20, the currents of the neighboring electrodes are described as line currents. This simplified description is illustrated in the figure. Furthermore, all current densities are assumed to be vertical, J i ¼ J i;zẑ ; where index i denote the electrode. The electrical properties are fixed for all electrodes. The amperage is the same for all electrodes, but there is a 120-degree phase difference between the electrodes. The resulting expressions are quoted in Appendix A.3. In these expressions, it is assumed that electrode 2 is leading electrode 1.
The most important expressions are the root-meansquared current density in Eq.
[A15] and the AC resistance factor in Eq. [A20]. In these expressions, the electrode-electrode proximity effects are included as a series expansion in orders of the nondimensional number R/d, which is the ratio between the electrode radius and the electrode-electrode distance. For any practical application, the series converges with few terms, and the formula can be implemented efficiently.
Together with R=d; R/d is important for determining the strength of the proximity effects. In the limit when R=d ! 0; Eqs.
[A15] and [A20] reduce to the skin effect expressions of Eqs.
[A12] and [A7]. With increasing values of R/d, the importance of the proximity effect terms increases. Note that these terms also depend on the azimuthal angle h; and the current density is no longer axisymmetric. The proximity effect yields a shift of the current density towards the leading electrode. [13] [14] [15] [16] [17] [18] 20, 22] The analytical models of Sections II-A and II-B, were applied to the industrial setups summarized in Table I . In Figure 3 , current density profiles are calculated using Eqs.
[A12] and [A15]. The hallmarks of both the skin and proximity effect can clearly be appreciated. In Figure 4 , the time-averaged power density, given by p 1 ¼ jJ z;1 j 2 =ð2rÞ; is calculated for the electrode 1 surface using Eq. [A13]. The values have been normalized with the DC power density, p DC ¼ J 2
z;DC =r: The figure illustrates both the skin and the electrode-electrode proximity effects. The skin effect is responsible for higher power density in the surface compared with the DC power density, i.e., p 1 ðR; hÞ=p DC >1: The asymmetric form of the curves with accumulation of power close to the leading electrode is caused by the electrode-electrode proximity effect. The asymmetry can also be studied by calculating the ratio Table I. where max½p 1 ðR; hÞ and min½p 1 ðR; hÞ denote the maximum and minimum of the surface power density curves (see Figure 4 ), and p R denotes the average value. The result is shown in Supplementary Figure S-1 (refer to electronic supplementary material). For electrodes with skin and proximity effects, the inhomogeneous current distributions yield higher resistance than for DC electrodes. Figure 5 shows a contour plot of the AC resistance factor R AC =R DC ; calculated by Eq.
[A20]. This ratio is a function of the nondimensional numbers R=d and R/d. The electrode resistance increases with both numbers. It is also possible to study the proximity effect factor R AC =R AC;s ; where R AC;s is the AC resistance for an electrode with only the skin effect, calculated by Eq. [A7]. This ratio quantifies the additional resistance caused by the electrode-electrode proximity effects. The result is shown in Supplementary Figure S-2. Table II shows values for the AC resistance factor and the proximity effect factor for the electrodes of Table I. Accurate calculation of the skin and proximity effects in the electrodes have important practical consequences for furnace operation and, in particular, electrode operation. Electrode conditions and operating procedures are optimized using electrode models, in which the calculation of temperatures and thermal stresses in the electrodes are based upon accurate estimates of the Joule heating inside the electrode. [7] As shown here, the models should include proximity effects in order to be sufficiently accurate. Also, R AC =R DC goes directly into typical expressions for electrode load factors and the current-carrying capacities of electrodes. [5, 8, 10] In these expressions, the electrode load factor increases with R AC =R DC : For example, decreasing proximity effects by increasing the electrode-electrode distance d will increase the current-carrying capacity of an electrode. Consequently, accurate estimates of electrode skin and proximity effects are needed for determining key parameters related to operation and furnace design.
C. Shell Currents
Relatively simple expressions for the shell currents induced by the three-phase electrode currents can be found in the literature. [27, 29, 30] In these works, the electrodes are modelled as wires, and the cylindrical shell is assumed to be so thick that all fields decay within. The latter assumption is good when the shell skin depth is much smaller than its thickness. For typical steel with r ¼ 6 Â 10 6 Sm À1 and l ¼ l r l 0 ; with relative permeability l r ¼ 200; the skin depth d sh ¼ 2 mm at f ¼ 50 Hz: Hence, the approximation is good for industrial furnaces with shell thicknesses that typically are an order of magnitude larger than the skin depth.
The configuration is shown in Figure 6 , where R f is the radius of the shell. The configuration and the electrode current amplitudes and phases are the same as described in Section II-B. The current density in the shell was calculated by Reference 30. Since d sh $ 1 mm; the current of the steel shell is well approximated as an effective surface current KðuÞ only dependent on the azimuthal angle u of the furnace. The resulting expressions are quoted in Appendix A.4. Table I . Directions to other electrodes and furnace center are given by vertical lines (see Fig. 2 ). In Eq.
[A23] is an expression for the total induced current that can be associated with the shell section nearest electrode 1. This expression reveals that the nondimensional number d=ð ffiffi ffi 3 p R f Þ is important for determining the strength of the induced shell currents. The distance from the furnace center to the electrode center is equal to d= ffiffi ffi 3 p
; so d=ð ffiffi ffi 3 p R f Þ is the ratio between the electrode center radius and the shell radius of the furnace. When this number is small, the induced currents of the shell are small. This is reasonable, since this limit corresponds to the situation where the three electrodes are close and the shell is far away. The threephase electrodes can then be considered as a single conductor with zero net current, and consequently, there will not be any induced currents in the shell. In the opposite limit, when d=ð ffiffi ffi 3 p R f Þ ! 1; I sh;1 ! ÀI: That is, the total current in the shell section is equal to the current of the electrode, but with opposite phase. This corresponds to three separate, non-interacting electrodewall systems. Note that this limit is not realistic in a furnace since it would imply that the electrodes are line currents.
The shell currents can also be studied graphically in Figure 7 . The figure shows the normalized root-meansquared current density K rms ðuÞ=K 0 ; calculated using Eq.
[A21] and normalized with K 0 ¼ I rms =ð2pR f Þ: Note that K 0 is equal to the surface current density that one would obtain if the current of one electrode were uniformly distributed throughout the inner surface of the shell. However, since there are three electrodes in the furnace, it can be seen that K rms ðuÞ=K 0 on average approaches 3 when electrodes are close to the shell. The peak values are higher, since the induced shell currents are nonuniform and concentrate close to the electrodes. Supplementary Figure S 
III. NUMERICAL MODEL DESCRIPTION
In deriving the useful expressions of Section II, important assumptions have been made. The spatial extent of neighboring electrodes in the horizontal cross section have been neglected, and the steel shell is assumed to be thick. In the numerical model, we can account for the spatial extent of the electrodes, and for the finite thickness of the shell. Additionally, the numerical model allows for studying the proximity effects between the induced shell currents and the electrodes. The domains of the numerical model are shown in Figure 8 .
The numerical calculations in this work were performed by using the Magnetic Field interface in the AC/DC module of the COMSOL Multiphysics software. [31, 32] In this interface, Maxwell's equations in Eq.
[A2] are solved by a formulation in terms of the magnetic vector potential A: The electromagnetic fields are then given by B ¼ r Â A and E ¼ À@A=@t: That is, the electric potential is not solved for except within the electrodes where the coil domain feature was used. [32] The equations are discretized using the finiteelement method with quadratic element order. To avoid influence from the boundaries of the simulation domain, the electrodes and furnace shell are surrounded by dielectric material with a radius of 10R f and with infinite element domains towards the outer boundary of the simulation domain. [31] At the outer boundary, the magnetic insulation boundary condition was used. In most of the simulation domain, triangular mesh elements were used, with high mesh density in the electrodes in order to resolve the gradients caused by the skin and proximity effects. For the thin steel shell with very small skin depth, thin quadrilateral boundary layer mesh elements were used in order to resolve the large gradients close to the surface. In total, there were typically around 1 Â 10 5 mesh elements for each calculation.
In industrial furnaces, the furnace shell is typically made of magnetic steel. In this model, the steel shell has been modelled in a simplified manner, as a linear magnetic material with a constant l r ¼ 200: Moreover, f ¼ 50 Hz; R ¼ 1 m and I rms ¼ 115 kA and steel shell thickness t sh ¼ 25 mm: Since the model is relatively simple and the solution typically converges in less than a minute, many calculations were performed in order to map out the parameter space spanned by the nondimensional numbers of the system. This was done by varying parameters r; d, R f and the steel shell electrical conductivity r sh :
IV. RESULTS AND DISCUSSION

A. Triangular Electrode Configuration
We have studied the current and power distribution for the triangular electrode configuration numerically. Compared with the analytical expressions of Section II-B, the numerical model is more accurate since all electrode currents are distributed throughout the electrode cross section. In total, results for 480 different parameter combinations have been calculated numerically. This was done by choosing 20 different values of r and 24 different values of d such that all combinations of R=d 2 f0:25; 0:50; . . . ; 5:00g and R=d 2 f0:015; 0:030; . . . ; 0:360g were studied.
As an example, the normalized current densities for R=d ¼ 3:0 and R=d ¼ 0:225 are shown in Figure 9 . The ratio between the numerical and analytical (Eq.
[A15]) model is given, showing that both models yield similar results. Differences up to %1.5 pct can be seen. In Figure 10 , the relative power density on the surface of electrode 1, p 1 ðR; hÞ=p DC ; is given for the same case as Figure 9 . The results are similar, but the numerical calculation shows higher current density towards the furnace center than the analytical calculation. Figure 11 shows the ratio between the numerical and analytical AC resistance factor.* The analytical AC resistance factor R AC;a is calculated by Eq. [A20]. In other words, Figure 11 shows the correction factor to be used in Figure 5 and Supplementary Figure S *In Figures 11, 14 and Supplementary Fig. S-4 , cubic interpolation (using the SciPy function scipy.interpolate.griddata) has been used to interpolate results from the parameter study. [33] The fraction between these values is largest in the upper right corner, when both R=d and R/d are large. For the example electrodes of Table I , the fraction is smaller than 1.0004 for all three cases, i.e., the numerically calculated values are $ 0:1 & larger for reasonably sized electrodes.
The same comparison between the numerically and analytically calculated values can also be performed for the relative power density variation, and the result is presented in Supplementary Figure S-4 . The results show that the difference between the numerically and analytically calculated values are $1 pct.
The results presented in this section (Figures 9 to 11 ) show that deviations are small between the numerical model results and the analytical expressions presented in Section II-B. The differences found can be attributed to the line current approximation of neighboring electrode currents, as assumed in Section II-B. In reality, there is a spatial extent of the electrodes, and thus, currents that are close to other electrodes are more important for proximity effects. Also, because of proximity effects, currents will, on average, be displaced with respect to the electrode center. In most cases, this means that proximity effects are slightly more pronounced than when calculated by the expressions of Section II-B.
B. Triangular Electrode Configuration with Shell
In this section, results are shown for the general model with a triangular electrode configuration and a shell with finite thickness. This model has been investigated by changing four parameters: r; r sh ; d and R f : These have been varied such that the nondimensional numbers have been studied in intervals R=d 2 ½0:25; 5; R=d 2 ½0:015; 0:45; d=ð ffiffi ffi 3 p R f Þ 2 ½0:10; 0:90 and t sh =d sh 2 ½0:1; 30:0: By assuming that electrodes should not overlap with each other, nor the furnace shell, there are constraints that must be obeyed, R=d<0:5 and d=ð ffiffi ffi
R=dÞ À1 :
Shell currents
With the numerical model, it is possible to study how the induced shell currents are affected by the finite thickness of the shell. In Figure 12 , results for the normalized shell currents K rms ðuÞ=K 0 are shown in the case where R=d For the purpose of studying the strength of the shell currents, results for the shell volume currents can be integrated in sections determined by the nearest electrode, similar to Eq. [A23]. In Figure 13 , results are shown in the case when R=d ¼ 3 and R=d ¼ 0:25; and the strong dependence on both d=ð ffiffi ffi 3 p R f Þ and t sh =d sh can be seen. The deviations from the analytical expression are relatively small when t sh =d sh ! 10: However, the analytical expression only captures the variation that depends on d=ð ffiffi ffi 3 p R f Þ: In addition to the strong dependence on t sh =d sh ; the shell current strength also depends on R=d and R/d, as can be seen in Figure 14 . In reality, the electrodes have a finite extent with spatial variations
R/d [−]
A B C both for the amplitude and phase of the current density. This will affect the distribution and phase of the induced shell currents. For instance, in cases with strong electrode-electrode proximity effects, the current density will shift towards the leading electrode, and accumulate closer to the furnace center. This will effectively reduce the induced shell currents, since the distance to the shell effectively increases.
Electrode currents
Similar to Section IV-A, we study the current and power distribution of the electrodes, but now including the interactions with the shell currents.
In Figure 15 , results for the normalized current densities are shown for different values of the nondimensional number d=ð ffiffi ffi 3 p R f Þ: In all cases, R=d ¼ 3; R=d ¼ 0:20 and t sh =d sh ¼ 10: When d=ð ffiffi ffi 3 p R f Þ is small, the shell is distant compared with the electrode-electrode distance, and the current density profile is similar to that found by using the analytical expression in Eq. [A15], which includes electrode-electrode proximity effects, but not proximity effects with the shell currents. However, when d=ð ffiffi ffi 3 p R f Þ increases, a shift in accumulation of currents from the inside to the outside of the electrode is observed. This accumulation is caused by electrode-shell proximity effects that effectively ''compete'' with the electrode-electrode proximity effects. The case with d=ð ffiffi ffi 3 p R f Þ ¼ 0:65 represents a furnace where the electrodes are very close to the shell, whereas the industrial cases shown in Table I R f Þ ¼ 0:5; the current density is fairly axisymmetric, not very different from the case with only skin effect, as shown in Figure 3 .
The effects of including the steel shell in the model can also be seen by studying numerical results for the AC resistance factor R AC =R DC in Figure 16 . Here, three nondimensional numbers R=d; R/d and d=ð ffiffi ffi been varied, whereas the nondimensional shell thickness is constant; t sh =d sh ¼ 10: The main features related to R=d and R/d can be understood by the simpler models studied in Sections II-A, II-B and IV-A. That is, the AC resistance factor increases with more skin effects, quantified by the skin effect factor R AC;s =R DC which only depends on R=d: Moreover, R AC =R DC increases with more electrode-electrode proximity effects, quantified by both R/d and R=d: Note that the results with d=ð ffiffi ffi 3 p R f Þ ¼ 0 in Figure 16 were calculated using the model without the furnace shell (Section IV-A), which is approximately equal to Eq. [A20] (see Figure 11 ).
The most interesting feature of Figure 16 is that the AC resistance factor also depends on furnace radius R f : For all cases of R=d and R/d, the AC resistance factor decreases monotonically with d=ð ffiffi ffi 3 p R f Þ until it reaches a minimum at d=ð ffiffi ffi 3 p R f Þ % 0:55: Above this value, the AC resistance factor increases. These results clearly show the competition between the electrode-electrode and the electrode-shell proximity effects. The first dominates for small d=ð ffiffi ffi 3 p R f Þ values, and the second dominates for large d=ð ffiffi ffi 3 p R f Þ values. In between, there is an intermediate region where the two proximity effects compete, effectively reducing the asymmetry in the current distribution of the electrode. The same qualitative behavior can also be seen when studying the power density asymmetry at the electrode surface. Figure 17 shows the power density at the electrode surface for different values of d=ð ffiffi ffi 3 p R f Þ as a function of the azimuthal angle of the electrode. The values of the other nondimensional numbers are R=d ¼ 3; R=d ¼ 0:2 and t sh =d sh ¼ 10: With increasing values of d=ð ffiffi ffi 3 p R f Þ; the peak towards the leading electrode is reduced, whereas at higher values another peak emerges, directed towards the shell.
C. Comparison with 3D Results
The 2D models investigated in this work represent the horizontal cross sections of three-phase AC furnaces with triangular electrode configuration. Models without the furnace shell represent cross sections in regions above the furnace edge, and models with the furnace shell represent cross sections below the furnace edge. However, for the 2D models to be quantitatively accurate, the vertical length of the regions must be large compared with the horizontal extent of the system, and this is not the case for 3D industrial furnaces. Particularly, when it comes to results for induced currents in the steel shell, we expect that the 2D results are quantitatively different compared with 3D. The reason for this is that the induced shell currents are expected to be smaller in 3D, because of the finite height of the steel shell.
In Reference 28, 3D models of furnaces A and B of Table I , were studied. The results for induced shell currents I sh;1 =I have been compared with the 2D models presented in this paper, and the results are given in Table III . In addition to the properties given in **For furnace B, only one cross section is compared since the other cross section with z ¼ 1:30 m; is located between the electrode tip and the crater wall. Here, the power density is highly affected by 3D effects. [28] sections (A1 and B1), the 3D results are similar to the 2D models without a steel shell. These cross sections are on the level of or above the furnace edge. For cross section A2, the 3D result is in between the 2D model results with and without the furnace shell. This cross section is below the furnace edge, and hence, the power density variation is reduced by the electrode-shell proximity effect. The effect is less pronounced than what is predicted by the 2D model, but the values still suggest that electrode-shell proximity effects yield a significant correction to the current and power density of the electrodes. Hence, electrode-shell proximity should be considered for optimal accuracy of electrode models since it effectively will reduce the variations in current density caused by the electrode-electrode proximity effect and reduce the estimates of the electrode load factor. Another consequence of the induced shell currents is that they generate some heat in the furnace shell. Although the amount is small compared with the total furnace power, [28] the heating may affect local temperatures in the lining and shell. [27] V. CONCLUSIONS 2D models describing the skin effect, electrode-electrode proximity effects and currents in the furnace shell have been reviewed. The models reveal how these effects depend on furnace and electrode sizes, as well as the location of the electrodes. In a large furnace, there will be considerable skin and proximity effects in the electrodes.
The nondimensional number R=d quantifies the strength of induction effects in the electrodes. When this number is small, the current density in the electrode is uniform, and when this number is large, the current flows only close to the periphery. For electrodes in large industrial furnaces, R=d is larger than 1, and there is a considerable accumulation of current close to the surface of the electrode.
For the electrode-electrode proximity effect, the nondimensional number R/d, which is the ratio between the electrode radius and the electrode distance, is also important. With increasing value of R/d, large proximity effects can be noticed, with higher current densities towards the leading electrode. The electrode currents will also induce currents in the furnace shell. These currents can be large, given that the ratio between the thickness and the skin depth of the furnace shell, t sh =d sh >1: Where a magnetic steel shell is used, t sh =d sh ) 1; and large currents will be induced in a thin layer on the inside of the furnace shell. The strength of these shell currents is determined by the ratio between the ''electrode circle radius'' and the furnace radius, d=ð ffiffi ffi 3 p R f Þ: The analytical expressions have been compared with numerical models that account for the finite extents of the electrodes and the furnace shell. When shell currents are neglected, the analytical expressions are accurate. However, the analytical models do not account for the electromagnetic interactions between the shell and the electrodes. The numerical simulations show that strong shell currents will have a significant impact on the current distribution within the electrodes. This is the electrode-shell proximity effect, and it effectively competes with the electrode-electrode proximity effect. In industrial furnaces, both effects need to be considered. The outcome of the competition depends, to a large degree, on the value of d=ð ffiffi ffi 3 p R f Þ: The 2D numerical simulations have been compared to 3D case studies. For industrial furnaces, the shell height is comparable to its diameter, and the region with vertical shell currents should therefore be relatively small. Hence, the shell currents are not properly approximated by 2D models. The simulations show that the shell currents are significantly smaller than predicted by the 2D models, but they are sufficiently strong to cause a significant reduction in the electrodeelectrode proximity effects. 3D simulations are therefore recommended to gain proper insight into the current distribution within the electrodes in large industrial furnaces.
the characteristic size of the conductor. The solution then exhibits a decay of the electric field inside the surface of the conductor; this is the skin effect.
Appendix A.2: Skin Effect Model Expressions
Equation [A4] can be solved to find useful expression for the current density in AC electrodes (see Figure 1 ). In the following, the most important results will be quoted; for a derivation of these expressions, References 11 and 12 can be consulted.
The solution for the current density is
where r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
is the radial coordinate inside the electrode and where J m ðxÞ is the mth order Bessel function of the first kind. The impedance associated with a section of length L is
where R DC ¼ L=ðrpR 2 Þ is the DC resistance of that section. The AC resistance R AC ¼ ReðZÞ and reactance X ¼ ImðZÞ are written R AC ¼ R DC n 2 bei 0 n bei 0 0 n À bei 0 n bei 0 0 n m 1
; ½A7
X ¼ R DC n 2 ber 0 n ber 0 0 n þ bei 0 n bei 0 0 n m 1 ; ½A8
where the complex-valued Bessel functions have been written in terms of the real-valued Kelvin functions ber m ; bei m as follows: [36, 37] J m ð1 À iÞr and where first-order Kelvin functions have been written in terms of derivatives of zero-order Kelvin functions. Also,
and m n ¼ ber 2 n n þ bei 2 n n: ½A11
For current-carrying electrodes in metal-producing furnaces, one is typically interested in the root-meansquared current density, written Expressions for the current density of the electrodes in Figure 2 were calculated by Reference 20. With balanced electrodes and 120-degree phase difference between the electrodes, the electrode currents are written I 1 ¼ I; I 2 ¼ I expði2p=3Þ and I 3 ¼ I expðÀi2p=3Þ: The resulting series expansion for the current density of electrode 1 is J z;1 ðr; hÞ ¼ I 1 ð1 À iÞ 2pRd The resistance is given by
ber 0 n bei 0 0 n À bei 0 n ber 0 0 n m 1 & þ 2 X 1 n¼1 R d 2n 1 þ 2 sin 2 np 6 h i Â ber n n bei 0 n n À bei n n ber 0 n n m nÀ1 ' : ½A20 Equivalent expressions can be found for the two other electrodes. [20] 
